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aBstract
Magnetohydrodynamic natural convection flow in a vertical parallel plate micro-channel in presence of 
viscous and Joulean dissipation is theoretically examined by using a perturbation series method. The effects 
of velocity slip and temperature jump conditions were taken into consideration. Due to the presence of 
viscous and Joulean dissipation effects, the momentum and energy equations are coupled system of ordinary 
differential equations. Roles of Hartmann number, Knudsen number, fluid - wall interaction parameter and 
dissipation parameter on the flow formation as well as rate of heat transfer are presented. The results revealed 
that increase in Hartmann number reduced the influence of viscous as well as Joulean dissipation on the 
velocity, temperature, skin friction and rate of heat transfer. Effect of Hartmann number, rarefaction parameter, 
fluid wall interaction parameter as well as buoyancy parameter on temperature and velocity is significantly 
pronounced in the case of symmetric heating.
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introduction
Magnetohydrodynamic (MHD) phenomenon has 
received considerable attention during the last two 
decades owing to its importance in many industrial, 
technological and the energy generation point 
of view. Many studies have been conducted on 
MHD natural convective heat and mass transfer for 
different physical situation. Nanofluid treatment 
in a porous enclosure considering thermal non – 
equilibrium model under the impact of magnetic field 
has been analyzed by (Sheikholeslami and Shehzad, 
2018). (Sheikholeslami and Seyednezhad, 2018) 
numerically studied Fe304-Ethylene glycol nanofluid 
electrohydrodynamics flow and natural convection 
heat transfer in a porous medium. (Sheikholeslami 
and Moradi, 2018) presented the influence of thermal 
radiation on nanofluid behaviour in existence of 
Couloumb forces via CVFEM. (Sheikholeslami, 
2018) discussed the Cu0-H20 nanofluid flow in a 
porous channel with magnetic field using mesoscopic 
method. Numerical investigation of nanofluid free 
convection under the influence of electric field in a 
porous enclosure was carried out by (Sheikholeslami, 
2018). Simulation for nanofluid heat transfer in a 
porous enclosure in presence of thermal radiation 
and Coulomb force has been investigated by 
(Sheikholeslami and Rokni, 2018). In another 
related article, (Sheikholeslami and Shehzad, 2018) 
presented numerical analysis of Fe304-H20 nanofluid 
flow in permeable media under the effect of external 
magnetic source. Influence of magnetic field on 
nanofluid free convection in an open porous cavity by 
means of Lattice Boltzmann method has been studied 
by (Sheikholeslami, 2017). (Sheikholeslami, 2017) 
presented the influence of a constant magnetic field 
on the nanofluid natural convection in a porous media 
with a Sinusoidal hot cylinder. Also, (Sheikholeslami, 
2017) investigated the impact of Lorentz forces 
on magnetic nanofluid free convection in a porous 
media. (Jha et al., 2015) studied the fully developed 
steady natural convection flow of conducting fluid in 
a vertical parallel plate micro-channel in the presence 
of transverse magnetic field. They discovered that 
increase of Hartmann number is responsible for 
decrease in the volume flow rate. The influences of 
externally applied transverse magnetic field as well as 
suction/injection on steady natural convection flow of 
conducting fluid in a vertical micro-channel has been 
examined by (Jha et al., 2015). They reported that the 
effect of suction/injection parameter on the micro-
channel velocity slip and temperature jump become 
significant with the decrease of the wall-ambient 
temperature difference ratio in the absence of induced 
magnetic field. In another work, (Jha et al.,2016) 
investigated the role of wall surface curvature on 
transient MHD free convective flow in vertical 
micro-concentric-annuli. They concluded that, the 
slip induced by rarefaction effect and Hartmann 
number increases as radius ratio increases while 

the slip induced by fluid–wall interaction parameter 
increases as radius ratio decreases. (Jha et al., 2015) 
studied exact solution of steady fully developed 
natural convection flow of viscous, incompressible, 
and electrically conducting fluid in a vertical annular 
micro-channel. In another related work, (Jha and 
Aina, 2016) presented the MHD natural convection 
flow in a vertical micro-porous-annulus (MPA) in the 
presence of radial magnetic field. It is found that, the 
rate of heat transfer decreases with increase of fluid-
wall interaction parameter in case of suction at outer 
surface of the inner porous cylinder and injection at 
inner surface of the outer porous cylinder. The MHD 
natural convection flow in vertical micro-concentric-
annuli (MCA) in the presence of radial magnetic 
field has been discussed by (Jha et al., 2015). They 
reported that, as rarefaction parameter increase the 
velocity slip on the surface of cylinders increases 
while fluid wall interaction parameter decreases the 
velocity inside the micro-concentric-annuli. Recently, 
fully developed natural convection flow in a vertical 
parallel plate’s micro-channel in the presence of 
viscous dissipation is theoretically examined by using 
a perturbation series method by (Jha and Aina, 2018).
 However, the earlier work of (Jha and Aina, 
2018) considered the effects viscous dissipation, 
rarefaction and fluid wall interaction on steady natural 
convection flow in a vertical parallel plate micro-
channel, where the effects of Joulean dissipation was 
not included. Therefore, as a follow- up study of (Jha 
and Aina, 2018), here, we include the effect of viscous 
and Joulean dissipation, which is very important 
at microscale due to the existence of high velocity 
gradient. To the best of the author’s knowledge, 
there is no investigation on fully developed natural 
convection flow in a vertical parallel plate micro-
channel in presence of viscous and Joulean dissipation. 

Materials and Methods
Mathematical analysis
Steady MHD natural convection flow in a vertical 
micro-channel formed by two infinitely vertical 
parallel plates separated by a distance   under the 
effects of viscous and Joulean dissipation is studied 
as illustrated in Figure 1. The boundary conditions 
are defined in this figure. The variables are only 
function of   because plates are infinity. The plates are 
heated asymmetrically with one plate maintained at a 
temperature  where the other plate at temperature

  , where   . A uniform magnetic field  is passed 
across the micro-channel normal to the plates and a 
viscous conducting fluid rises in the micro-channel 
driven by buoyancy forces and retarded by magnetic 
forces. Following (Jha et al., 2015) and considering 
the effects of viscous and Joulean dissipation, under 
the usual Boussineq approximation and following 
non dimensional quantities, 

  
                                                                       ........ (1)
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where β  is thermal expansion coefficient, T  is the 

temperature, 0T   is the free stream temperature, g  is the 
acceleration due to gravity, ν  is the kinematic viscosity of 
the fluid, µ  is the dynamic viscosity and k    is thermal 
conductivity.
The governing equations and boundary conditions can be 
written in the following dimensionless form:

                                                            ...................2

                                                                      ..............3
where   is defined [18;19]:

with the boundary conditions in non dimensional form as
 at  Y=0      .......................4

    at  Y-1

where               

Referring to the values of   and   given in (Eckert and 
Drake, 1972) and (Goniak and Duffa, 1995), the value of   

vβ  is near unity, and the value of tβ   ranges from near 1 to 
more than 100 for actual wall surface conditions and is near 
1.667 for many engineering applications, corresponding to 

, 1=tσ  4.1=sγ  and  
The physical quantities used in the above equations are 
defined in the nomenclature.

Method of solution
Equations (2) and (3) are coupled non-linear equations due 
to the presence of viscous and Joulean dissipation and it is 
difficult, in general, to solve analytically. When neglecting 
the viscous dissipative heating ( )0=N , equations (2) and 
(3) become linear and solutions can easily be obtained. 
It is important to mention here that for 0=N , the present 
problem is exactly the same as discussed by (Jha et al., 
2015). However, in many practical applications, N  cannot 
be zero ( )0≠N , but in many situations it can take small 
values. Small value of ( )1<N  facilitate finding analytical 
solutions of equations (2) and (3) by using perturbation 
method in the form: 

                          (5)
 

                              (6)
where the second and higher terms on the right side give a 
correction to 

0θ , 
0U accounting for the dissipative effects. 

Substituting equations (5) - (6) into equations (2) - (3) and 
equating like powers of  N to zero, we obtain, the zero 
order equations:

                                           ...................................7
                                

                                             ................................8
with the boundary conditions:

    
                                                            at Y=0   ............9

                                                             at Y=1
The first order equations are obtain by equating like powers 
of  N  to one, we obtain the first order equations:

            ...................................10

      ........................................11
with the boundary conditions:

  at Y=0    ......12

 at Y=1
By solving equations (7) and (8), under boundary 
conditions (9) and (10), we obtained ( )YU0 and ( )Y0θ   , 
respectively, as follows:

   ...........................................13
     .............14

Also, solving equations (11) and (12) under boundary 
condition (13) and (14), we obtained ( )YU1    and ( )Y1θ , 
respectively, as follows:

                                                                  ......................16
The dimensionless rate of heat transfer which is 
expressed as the Nusselt number can be defined at 
each boundary, namely as in the following:

   .......................................17
while

   ......................................18
The dimensionless skin frictions are:

While

where are all constants given in the 
Appendix.

results and discussion
Influence of viscous and Joulean dissipation on 
steady MHD natural convection flow in a vertical 
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micro-channel in the presence of velocity slip and 
temperature jump is investigated. The interactive 
effects of wall-ambient temperature difference ratio
( ),ξ  Knudsen number ( ),Knνβ fluid wall interaction 
parameter ( ),ln   Hartmann number ( )M   and viscous 
and Joulean dissipation parameter ( )N   on the fluid 
velocity, temperature, skin friction and rate of heat 
transfer which is expressed as the Nusselt number 
are computed. The present parametric study has been 
performed in the continuum and slip flow regimes 

( )1.0≤Kn   . Also, for air and various surfaces, the 
values of νβ   and  tβ  range from near   to  and from 
near   to more than  , respectively. So, this study 
has been performed over the reasonable ranges 

 of   and [11]. The selected 
reference values of and  for the present analysis are   
and   respectively as given in (Jha et al.2015).

Figures 2 (a, b) displays the combined effects of 
Hartmann number ( )M   as well as wall-ambient 

temperature difference ratio ( :1−=ξ    one heating 

and one cooling; :0=ξ   one heating :1=ξ  and 
one not heating,  both walls are heated) on velocity 
profile. It is interesting to note that, velocity decreases 
with increasing Hartmann number as well as wall-
ambient temperature difference ratio, indicating that 
an increase in field acts to decrease the influence 
of dissipation heating on the velocity profiles. 
Furthermore, any increase in Joulean dissipation 
accompanying an increase in field is more than 
overcome by the corresponding decrease in viscous 
dissipation. This decrease in viscous dissipation is 
due to the fact that magnetic field tends to flatten the 
velocity profile as well as decrease the flow.

Figures 3 (a, b, c) show the effects of buoyancy 
parameter  ( )N  and Hartmann number ( )M    on 
velocity profile for different values of wall-ambient 
temperature difference ratio. It is observed that, 
increase in buoyancy parameter enhances the 
fluid velocity. However, it is worth noting that the 
influence of buoyancy parameter and Hartmann 
number becomes significantly pronounced in the case 

of asymmetric heating ( )1−=ξ  . 
Figure 4 depict the influence of Hartmann number 

( )M    as well as wall-ambient temperature difference 
ratio on temperature profile. It is observed that, fluid 
temperature decreases with increasing Hartmann 
number as well as wall-ambient temperature 
difference ratio.

Figures 5 (a, b, c) displays the effects of buoyancy 
parameter ( )N   and Hartmann number   ( )M  on 

temperature profile. It is evident that, the influence 
of buoyancy parameter is to enhance the fluid 
temperature while increase in Hartmann number ( )M    
decreases the fluid temperature. Further, the effect of 
buoyancy parameter as well as Hartmann number on 
the fluid temperature is pronounced in the case of 

symmetric heating ( )1=ξ  .
Table I display the impact of viscous dissipation 

( )0≠N    as well as Hartmann number ( )M  on 

the rate of heat transfer at the wall  ( )0=Y   and 

( )1=Y   , respectively. As it can be seen from Table 
I, the rate of heat transfer increases with an increase 
in buoyancy parameter ( )N    while, as Hartmann 
number increases, the impact of buoyancy parameter   
on the rate of heat transfer decreases. In addition, the 
effect of viscous dissipation ( )0≠N  on the rate of 
heat transfer is significant in the case of asymmetric 

heating ( )1,0 −=ξ  . Furthermore, in the absence of 
viscous and Joulean dissipation ( )0=N  , rate of heat 
transfer is same at both micro-channel walls while 
it is different in the presence of viscous and Joulean 
dissipation ( )0≠N  .

Table II shows the influence of viscous dissipation 

( )0≠N    as well as rarefaction parameter   

on the skin friction at the wall  ( )0=Y   and ( )1=Y   , 
respectively. It is evident from Table, the skin friction 
increases with an increase in rarefaction parameter 
and buoyancy parameter ( )N   . In addition, the 
influence of buoyancy parameter ( )N   on the skin 
friction decreases as rarefaction parameter increases.

conclusion
This study considered the fully developed natural 

convection flow in a vertical parallel plate micro-
channel under the effects of viscous and joulean 
dissipation. The derivation of the velocity and 
temperature profile for the existing in Hartmann 
flow is presented for various Hartmann number 
when dissipation is not neglected. The effects of 
Hartmann number, Knudsen number, fluid wall 
interaction parameter and dissipation parameter on 
the flow formation as well as rate of heat transfer are 
demonstrated through graphs and tables. The main 
findings are:

1. Increase in Hartmann number reduced 
the influence of viscous as well as joulean 
dissipation on the velocity, temperature and 
rate of heat transfer.

2. An increase in field acts to decrease the 
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influence of dissipation heating on the velocity and temperature profiles.
3. The rate of heat transfer increases with an increase in dissipation parameter

appendix
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figure 1: schematic diagram
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table 1: numerical values of rate of heat transfer 
on the vertical micro-channel walls 

table 2: numerical values of skin friction on the 
vertical micro-channel walls
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